ON THE PAIRWISE WEAKLY LINDELOF BITOPOLOGICAL 

SPACES 



ADEM KILigMAN AND ZABIDIN SALLEH 

Abstract. In this paper wc shall introduce and study the notion of pairwise 
weakly Lindelof bitopological spaces and obtained some results. Further, we 
also study the pairwise weakly Lindelof subspaces and subsets, investigate 
some of their properties and show that a pairwise weakly Lindelof property is 
not a hereditary property. 



1. Introduction 

In literature there are several generalizations of the notion of Lindelof spaces and 
these are studied separately for different reasons and purposes. In 1959, Frolik [3] 
introduced and studied the notion of weakly Lindelof spaces that, afterward, was 
studied by several authors. Thereafter in 1996, Cammaroto and Santoro [T studied 
and gave further new results about these spaces. 

The purpose of this paper is to define the notion of weakly Lindelof spaces in bitopo- 
logical spaces, which we will call pairwise weakly Lindelof spaces and investigate 
some of their properties. Moreover we study the pairwise weakly Lindelof subspaces 
and subsets and also investigate some of their properties. 

In section 3, we shall introduce the concept of pairwise weakly Lindelof bitopo- 
logical spaces by investigating the ij/-weakly Lindelof property and obtain some 
results. Furthermore, we study the relation between ij-almost Lindelof spaces and 
ij-weakly Lindelof spaces, where i, j = 1 or 2, i 7^ j. 

In section 4, we shall define the concept of pairwise weakly Lindelof subspaces and 
subsets in bitopological spaces. We shall define the concept of pairwise weakly 
Lindelof relative to a bitopological space by investigating the ij-weakly Lindelof 
property and obtain some results. The main result we are obtain here is pair- 
wise weakly Lindelof property is not a hereditary property by a counter-example 
obtained. 

2. Preliminaries 

Throughout this paper, all spaces {X,t) and (X, ti,T2) (or simply X) are al- 
ways mean topological spaces and bitopological spaces, respectively unless explicitly 
stated. By i-open set, we shall mean the open set with respect to topology in X. 
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We always use ij- to denote the certain properties with respect to topology r; and 
Tj respectively, where i,j £ {1,2} and i j. In this paper, every result in terms 
of ij- will have pairwise as a corollary. 

By i-int (A) and z-cl (A) , we shall mean the interior and the closure of a subset A 
of X with respect to topology Ti , respectively. We denote by int (A) and cl (A) for 
the interior and the closure of a subset A oi X with respect to topology for each 
i — 1,2, respectively. By i-open cover of X, we mean that the cover of X by i-open 
sets in X; similar for the ij-regular open cover of X and etc. 

li S C A fZ X, then j-int^ (5) and i-cl^ (S) will be used to denote the interior and 
closure of S in the subspace A with respect to topology respectively. This means 
that i-int (S) = i-int {S) n A and i-cU (S*) = i-d (S) n A. 

Definition 1 (see [Si [9]). A subset S of a bitopological space {X,ti,T2) is said 
to be ij -regular open {resp. ij -regular closed) if i-int {j-cl(S)) = S (resp. i- 
cl(j-int (S*)) = S), where i,j G {1,2} and i ^ j. S is said pairwise regular open 
{resp. pairwise regular closed) if it is both ij-regular open and ji -regular open (resp. 
ij -regular closed and ji -regular closed). 

The bitopology ai generated by the ij-regular open subsets of [X, ti,T2) is denoted 
by and it is called ij-semiregularization oi X. If ai generated by j«-regular 
open subsets of (X, ti,T2), then it is called ji-semiregularization ol X denoted by 
rjj. The bitopology ai is called pairwise semiregularization of X if it is both ij- 
semiregularization of X and ji-semiregularization of X denoted by t\ . If = rf^ , 
then X is said to be ij-semiregular and if = rj^, then X is said jz-semiregular. 
X is said pairwise semiregular if it is both ij-semiregular and ji-semiregular, that 
is, whenever = t|. 

Definition 2 (see [2]). A bitopological space {X,ti,T2) is said to be i-Lindeldf if 
the topological space {X,Ti) is Lindelof. X is said Lindeldf if it is i-Lindeldf for 
each i = 1,2. 

Definition 3 (see |12j). A bitopological space X is said to be ij -nearly Lindeldf if for 
every i-open cover {Ua ■ a G A} of X, there exists a countable subset {an : n G N} 
of A such that ^ = |^ *"iiit (j- cl ([/„„)), or equivalently, every ij-regular open 

riGN 

cover of X has a countable subcover. X is said pairwise nearly Lindelof if it is both 
ij-nearly Lindeldf and ji-nearly Lindeldf. 

Definition 4 (see [SI IIP)). A bitopological space X is said to be ij-almost regular 
if for each x £ X and for each ij-regular open set V of X containing x, there is an 
i-open set U such that x E U C j-ci IJJ) QV. X is said pairwise almost regular if 
it is both ij-almost regular and ji-almost regular. 

Definition 5 (see (5j|6]). A bitopological space (X, ti,T2) is said to be ij-regular 
if for each point x £ X and for each i-open set V containing x, there exists an 
i-open set U such that x £ U C j-cl{U) Q V. X is said pairwise regular if it is 
both ij-regular and ji-regular. 



PAIRWISE WEAKLY LINDELOF SPACES 



3 



Definition 6. A bitopological space X is said to be ij-semiregular if for each x ^ X 
and for each i-open set V of X containing x, there is an i-open set U such that 

xgU C z-iut(j-cl(C/)) C V. 

X is said pairwise semi regular if it is both ij-semiregular and ji-semiregular. 

Definition 7. Let (X, ti,T2) be a bitopological space: 

(i) A subset G of X is said to be open if G is both 1-open and 2-open in X, or 
equivalently, G € U for U C (n n T2) in X . 

(ii) A subset F of X is said to be closed if F is both 1-closed and 2-closed in 
X, or equivalently, F gV for V = X \ U and U C (n fi T2) in X. 

3. Pairwise Weakly Lindelof Spaces 

Definition 8. A bitopological space X is said to be ij -weakly Lindelof if for every 
i-open cover {Ua : a e A} of X, there exists a countable subset {an : n e N} of A 

such that X = j-c\i \^ Ua„ \ . X is said pairwise weakly Lindelof if it is both 

\neN / 

ij-weakly Lindelof and ji-weakly Lindelof 

Proposition 1. A bitopological space X is ij-weakly Lindelof if and only if ev- 
ery family {Cq, : a G A} of i-closed subsets of X such that Cq = admits a 

countable subfamily {Ca„ : n € N} such that j-'mt j P| Ca„ I = 0. 

Proof. Let {Ca ct G A} is a family of i-closed subsets of X such that Cc, = 

0. Then X = X\ f] Ca ^ U \ '^")' ^^^^^ {X \ C^, : a S A} is 

an i-open cover of X. Since X is ij-weakly Lindelof, there exists a countable 
subfamily {X \ C„„ : n e N} such that X = j-c\ l[j{X\Cajy So X \ j- 

VnGN / 

cl ( IJ (X \ C„ J J = 0, i.e., i-int (x\\J{X\Caj]=9. Thus 

i-int( f|Cc,„) =0. 

Conversely, let {Ua a G A} be an i-open cover of X. Then X = [j and 
{X \ Ua <y G A} is a family of i-closed subsets of X. Hence X \ \^ Ua = 
0, i.e., Pi (X \ Ua) = 0. By hypothesis, there exists a countable subfamily 
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{X\Uc,„:nG N} such that j-int ( Q (X \ f7a„) | = 0. So 

VneN / 

X = X\j-mtlf] (X\ [/„„)] =j-cl(x\ fl (X\ [/„„)) =j-cll\JuA . 

Therefore X is zj-weakly Lindelof. □ 

Corollary 1. A bitopological space X is pairwise weakly Lindelof if and only if 
every family {Ca : a € A} of closed subsets of X such that P| Ca = admits a 

aeA 

countable subfamily {C„„ : n G N} such that int j P| C^^ 1=0. 

Proof. It is obvious by tlie definition. □ 

Proposition 2. A bitoplogical space X is ij -weakly Lindelof if and only if for every 
family {Ca '■ a G A} by i-closed subsets of X , there exists a countable subfamily 

{Can '■ n & such that j-int ( C^^ ] ^ 0, the intersection Ca 7^ 0. 

Proof. Let {Ca ■ ca e A} be a family of i-closed subsets of X with there exists a 
countable subfamily {Ca„ : n G N} such that j-int I Ca„ ) 7^ 0. Suppose that 

\neN I 

Pi Ca = 0. Hence X = X\ [\Ca = IJ \ ^hus {X \ C„ : a e A} 

aeA aeA aeA 

forms an i-open cover for X. Since X is ij- weakly Lindelof, there exists a countable 
subset {a„ : n e N} of A such that X = j-cl { [J {X\CaS\- Hence X \ j- 

VnGN / 

cl [ y (X \ C„J J = 0, i.e., i-int [ X \ y (X \ Ca J j = 0. Thus 

i-int( fl CaJ =0 

which is a contradiction. 

We will give two methods to prove the converse of the Proposition. 

First Method: Let the condition is holds. By contrapositive, this condition is equiv- 
alent to the following statement: if for every family {Ca : a E A} by z-closcd subsets 

of X such that the intersection f| C^ = 0, then there exists a countable subfam- 

aeA 

ily {Can '■ n gN} such that j-int I f| Ca„ ) = 0. Let {Ua : a e A} be an z-open 

\n6N / 

cover of X. Then X = \^ Ua and {X \ [/„ : a G A} be a family of i-closed subsets 
aeA 
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of X. Hence X\ |^ = 0, i.e., (X \ Ua) = 0- By hypothesis, there exists 

aeA aeA 

a countable subfamily {X \ Ua„ : n e N} such that j-int Q (X \ Uan) I = 0- So 

VneN / 

X = X\ i-int ( n \ Uaj] = i-cl ( X \ f|(X \ J J = j-cl [[juA. 

VneN / V new / VneN / 

Therefore X is ij-weakly Lindelof. 

Second Method: Suppose that X is not ij-weakly Lindelof. Then there exists an 
i-open cover {Ua : a S A} oi X with no countable subfamily {J7a„ : n e N} such 

that X = j-cl I 1^ Ua^ j . Hence X ^ j-cl I |^ Ua„ ] for any countable subfamily 

VneN / VneN / 

: n e N}. It follows that X \ j-cl ( IJ ) 0' i-e-, i-int {x\\JUaAi^ 

VneN / V neN / 

or j-int ( Q \ ?7a„) ) 7^ 0- Thus {X \ C/„ : a e A} is a family of i-closed sub- 

VneN / 

sets of X satisfies j-int I P| (X \ Ua„ ) ] 7^ for a countable subfamily {X \ Ua^ n e 

VneN / 



By hypothesis, the intersection P| {X\Ua) 7^ 0, and so X \ [J ^ 0, i.e., 

aeA aeA 

X ^ Ua- It is a contradiction with the fact that {Ua '■ ol G A} is an z-open 

aeA 

cover of X. Therefore X is zj-wcakly Lindelof. □ 

Corollary 2. A bitoplogical space X is pairwise weakly Lindelof if and only if for 
every family {Ca : cx e A} by closed subsets of X, there exists a countable subfamily 

{Cq.^ : n G N} such that int ( Cq.^ ] 7^ 0, the intersection Ca 7^ 0- 

VneN / aeA 

Definition 9. A subset E of a bitopological space X is said to be i-dense in F C_ X 
if F i-c\{E). In particular, E is i-dense in X or is an i-dense subset of X if 
i-cl {E) = X. E is said to be dense in F if it is i-dense in F for each i = 1,2. In 
particular, E is dense in X or is a dense subset of X if it is i-dense in X or is an 

i-dense subset of X for each i = 1,2. 

Proposition 3. Let {X,ti,T2) be a bitopological space. For the following condi- 
tions 

{i) X is ij -weakly Lindelof; 

(ii) every ij-regular open cover {Ua '■ a € A} of X admits a countable subfamily 

: n € N} with j-dense union in X; 
(Hi) every family {Ca a e A} of ij-regular closed subsets ofX such that P| = 

aeA 

admits a countable subfamily {Ca„ : n G N} such that j-int I P| Ca„ I = 0; 

VneN / 

we have that (i) (ii) (iii) and if X is ij-semiregular, then (ii) => {i). 



6 



ADEM KILIQMAN AND ZABIDIN SALLEH 



Proof, (i) (a): It is obvious by the definition since an ij-regular open set is also 
i-open set. 

(ii) (Hi): If {Ca ■ ct e A} is a family of ij-regular closed subsets of X 
such that Pi C„ = 0, then X = X \ f] Ca = [j (X \ C^), i.e., the fam- 

aeA aeA aeA 

ily {X \Ca ■ ce G A} is an zj-regular open cover of X. By (ii), there exists a 
countable subfamily {X \ Ca„ : n G N} with j-dense union in X, i.e., X = j- 

c\l\J {X\Caj\. SoX\j-cl[ IJ (X\C„JJ =0, i.e., 

i-int[x \ IJ (X\C„J j =0. 

Thus j-int j P| C^^ ] = 0. Conversely, let {Ua ■ ol G A} be an ij-regular open 
cover of X. Then X = \^ Ua and \X \ {7<j : a G A} is a family of ij-regular closed 

subsets of X. Hence X \ \^ Ua i.e., (X \ Ua) — 0- By {iii), there exists 

aeA aeA 

a countable subfamily {X \ Ua„ : n e N} such that j-int Q (X \ ) = 0. So 

VneN / 

X = X\ i-int ( n \ Ucj] = j-d lx\f]{X\ Uaj] = j-cl [\JUa] 

VneN / V neN / VneN / 

and (ii) proved. 

(ii) => (i): Let {Ua '■ a € A} be an i-opcn cover of X. Since X is y-scmircgular, 
we can assume that Ua is ij-regular open set for each a. By (ii), there exists a count- 
able subfamily {Ua„ : n € N} with j-dense union in X, i.e., X = j-cl j Ua„ j . 

VneN / 

Thus X is ij-weakly Lindelof and this completes the proof. □ 

Corollary 3. Let (X, ti,t2) be a bitopological space. For the following conditions 

(i) X is pairwise almost Lindelof, 

(ii) every pairwise regular open cover {Ua ■ a G A} of X admits a countable 
subfamily {Ua„ '■ n G N} with dense union in X: 

(Hi) every family {Ca '. oi G A} of pairwise regular closed subsets of X such that 

Pi Ca = admits a countable subfamily {Ca^ ■ n €N} such that int I P| ] = 

aeA VneN / 

0; we have that {i) => {ii) <^ (Hi) and if X is pairwise semiregular, then (ii) => {i). 
It is very obvious that every ij-almost Lindelof space is y-weakly Lindelof since 



\Jj-cnUaJCj-dl\JUa\ 
neN VneN / 



Question 1. Is ij-weakly Lindelof property imply ij-almost Lindelof property? 
The authors expected that the answer of this question is no. 
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Definition 10. A bitopological space X is said to be i-separable if there exists 
a countable i-dense subset of X . X is said separable if it is i-separable for each 
i = 1,2. 

Proposition 4. // the bitopological space X is j-separable, then it is ij-weakly 
Lindeldf. 

Proof. Let U — {Ua : a G A} be an i-open cover of the j-separable space X. Then 
X has a countable j-dense subset D — {xi, X2, ■ ■ ■ , a;„, . . .}. Now, for every Xk G D, 

there exists e A with Xk £ f/af So X = j-c\{D) — j-cl j (J {xk} ] — j- 

VfeGN / 

cl y f/a^ . This shows that X is zj-weakly Lindelof. 
VfceN / 



□ 



Corollary 4. // the bitopological space X is separable, then it is pairwise weakly 
Lindelof. 

Definition 11. A bitopological space X is called ij-weak P-space if for each count- 



-ifu^-) = u 

VneN / nGN 



able family {Un : n G N} of i-open sets in X, we have j-cl ( [J Ua^ ) = U j" 

EN 

c1(C/q„). X is called pairwise weak P-space if it is both ij -weak P-space and ji -weak 
P-space. 

Proposition 5. In ij-weak P-spaces, ij-almost Lindelof property is equivalent to 
ij-weakly Lindeldf property. 

Proof. The proof follows immediately from the fact that in ij-weak P-spaces, [J j- 
cl(t^aj =i-cl U C/a„ for any countable family {C/„ : n G N} of z-open sets in 

VnGN / 

X. a 

Corollary 5. In pairwise weak P-spaces, pairwise almost Lindeldf property is equiv- 
alent to pairwise weakly Lindeldf property. 

Lemma 1 (see 0). An ij-almost regular space is ij-almost Lindeldf if and only if 
it is ij -nearly Lindeldf. 

Proposition 6. An ij-weakly Lindeldf, ij-almost regular and ij-weak P-space is 
ij -nearly Lindeldf. 

Proof. This is a direct consequence of Proposition 5 and Lemma 1 . □ 

Corollary 6. A pairwise weakly Lindeldf, pairwise almost regular and pairwise 
weak P-space is pairwise nearly Lindeldf. 

Lemma 2 (see [8 ). An ij -regular space is ij-almost Lindeldf if and only if it is 
i-Lindeldf. 

Proposition 7. An ij-weakly Lindeldf, ij -regular and ij-weak P-space is i-Lindeldf. 
Proof. This is a direct consequence of Proposition 5 and Lemma 2. □ 
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Corollary 7. A pairwise weakly Lindeldf, pair-wise regular and pairwise weak P- 
space is Lindeldf. 

Definition 12 (see [T], [3]). Let X he a space. A cover V = {Vj : j E J} of X is 

a refinement of another cover hi = {[/„ : a G A} if for each j S J , there exists an 
a (j) S A such that Vj C Ua(j), i.e., each V eV is contained in some U ElA. 

Definition 13 (see [1], [3]). A family U = {Ua : a € A} of subsets of a space X 
is locally finite if for every point x G X, there exists a neighbourhood Ux of x such 
that the set {a E /S. : Ux C\Ua ^ is finite, i.e., each x E X has a neighbourhood 
Ux meeting only finitely many U ElA. 

Definition 14. A hitopological space X is said to be ij -nearly paracompact if every 
cover of X by ij-regular open sets admits a locally finite refinement. 

Proposition 8. An ij-weakly Lindeldf ij-semiregular and ij-nearly paracompact 
bitopological space X is ij -almost Lindeldf. 

Proof. Let {Ua '■ a G A} be an ij-regular open cover of X. Since X is ij-nearly 
paracompact, this cover admits a locally finite refinement {V\ : A G A}. Since 
X is ij-weakly Lindelof, there exists a countable subfamily {Vx„ : n G N} such 

that X = j-cl IJ Va„ ■ Since the family {V\^ : n G N} is locally finite, then 

VnGN / 

j-cl IJ ^A„ = IJ j-cl(V'A„) (see |3]). Choosing, for n G N, G A such that 

VneN / jiGN 

K\„ Q Ua„, we obtain -'^ = |J i-cl(VA„) = |J j-cl ([/„„). By Proposition 3, X is 

nSN nGN 

ij-almost Lindelof. □ 

Corollary 8. A pairwise weakly Lindeldf, pairwise semiregular and pairwise nearly 
paracompact bitopological space X is pairwise almost Lindeldf. 

Proposition 9. An ij-weakly Lindeldf, ij-regular and ij-nearly paracompact hitopo- 
logical space X is i-Lindeldf. 

Proof. Let {Ua ■ a G A} be an i-open cover of X. Since X is ij-regular, then it is 
ij-semiregular. So X is ij-almost Lindelof by Proposition 8. Since X is ij-regular, 
then X is i-Lindel6f by Lemma 2. □ 

Corollary 9. A pairwise weakly Lindeldf, pairwise regular and pairwise nearly 
paracompact bitopological space X is Lindeldf. 



4. Pairwise Weakly Lindelof Subspaces and Subsets 

A subset of a bitopological space X is said to be ij-weakly Lindelof (resp. pairwise 
weakly Lindelof) if S is ij-weakly Lindelof (resp. pairwise weakly Lindelof) as a 
subspace of X, i.e., S is ij-weakly Lindelof (resp. pairwise weakly Lindelof) with 
respect to the inducted bitopology from the bitopology of X. 

Definition 15. A subset S of a bitopological space X is said to be ij-weakly Lindeldf 
relative to X if for every cover {Ua ■ ct G A} of S by i-open subsets of X such that 



PAIRWISE WEAKLY LINDELOF SPACES 



5 C [J Ua, there exists a countable subset {an : n S N} of A such that S C j- 



aeA 



cl [ (J Ua„ \ . S is said pairwise weakly Lindeldf relative to X if it is both ij -weakly 

\n6N / 

Lindeldf relative to X and ji-weakly Lindeldf relative to X. 

Proposition 10. Let S be a subset of a bitopological space X. Then S is ij-weakly 
Lindeldf relative to X if and only if for every family {Ca ■ ct G A} ofi-closed subsets 

of X such that I Cq j PIS' = 0, there exists a countable subfamily {Cq.^ : n G N} 

VaeA / 

such that j-int f Q Ca„ ) 5 = 0. 

Proof. Let {Ca : a € A} is a family of z-closed subsets of X such that I J n 

VaeA / 

5 = 0. Then S C X \ i f] cA = [j (X \ C„), so {X \ C„ : a e A} forms 

VaeA / afEA 

a family of i-opcn subsets of X covering S. By hypothesis, there exists a count- 
able subfamily {X \ C„„ : n e N} such that S C j-cl i\J{X\Caj\. Hence 

VneN / 

(x\j-c\l\J (X\C„jJ J n5 = 0, i.e., j-int(x \ y (X\C„JJ n 5 = 0. 

Thus j-int j Q Ca„ j n 5 = 0. Conversely, let {Ua : a e A} be a family of i- 
\nen ) 

open subsets in X such that 5 C |J C/„. Then I X \ (J [/« j n 5 = 0, i.e., 

aeA \ aGA / 

(Pi X \ C/a j n 5 = 0. Since {X \ : a £ A} be a family of i-closed subsets of 
aeA / 

X, by hypothesis there exists a countable subfamily {X \ Ua„ : n G N} such that 
i-int j fl (X \ [/„ J j n 5 = 0. Therefore 5 C X \ j-int [ f| (X \ C/„ J J = j- 

cl I X \ I Pi (X \ J7c„) J J = i-cl ( IJ J7a„ ) . This completes the proof. □ 

Corollary 10. Let S be a subset of a bitopological space X. Then S is pairwise 
weakly Lindeldf relative to X if and only if for every family {C'a '■ o. G A} of closed 

subsets of X such that j P| ] fl 5 = 0, there exists a countable subfamily 

VaeA / 

{Ca^ : n G N} such that int i f] Ca^ \ n S = 0. 

VneN / 
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Proposition 11. LeA, X be a bitopological space and S ^ X. For the following 
conditions 

[i) S is ij -weaklyLindeldf relative to X; 

(ii) every family by ij-regular open subsets {Ua : a G A} of X that cover S ad- 
mits a countable subfamily {Ua„ : n G N} with j-dense union in S; 

(Hi) every family {Ca ■ ol € A} of ij-regular closed subsets of X such that 

[ fl c„) ns = 

VaeA / 

admits a countable subfamily {Ca„ : n G N} such that j-int I P| Ca„ \ f] S = 9; we 

VnGN / 

have that (z) (ii) <^=> (iii) and if X is ij-semiregular, then {ii) ^ (i). 

Proof, {i) => {ii): It is obvious by the definition since an ij-regular open set is also 
i-open set. 

(ii) (iii): If {Ca : a G A} is a family of y-regular closed subsets of X 
such that j Pi C„ I n 5 = , then S C X\ f] Cc. ^ \J (^\C„), i.e., 

VaeA / aeA aeA 

the family {X \ Cq : a e A} is an ij-regular open subsets of X that cover S. 
By {ii), there exists a countable subfamily {X \ Ca„ : n G N} such that S C j- 

cl[ y (X\ajJ =X\j-mt(x\ y {X\Caj] = X\ j-int (f|C„V So, 

VneN / V neN / VneN / 

j-int j Ca^ ] n S = 0. Conversely, let {Ua : a € A} be a family of ij-regular 

VneN / 

open subsets of X that cover S. Then S C y [/„ and {X \ [/„ : a G A} IS a 

aeA 

family of ij-regular closed subsets of X. Hence j X \ y J7„ ] n 5 = 0, i.e., 

V aeA / 

Pi (X \ Ua) ] n5 = 0. By (iii), there exists a countable subfamily {X \ Ua„ : n G N} 

VaeA / 

such that j-int j p| (X \ j n 5 = 0. So 5 C X \ j-int {p\{X\Uaj\= j- 

VneN / VneN / 

Cl ( X \ fl (X \ Uaj] = J-d ( y C/a„ J . 
V neN / VneN / 

(ii) => (i): Let {Ua : a G A} be a family of i-open subsets of X that cover S. 
Since X is ij-semiregular, we can assume that Ua is ij-regular open set for each 
a. By (ii), there exists a countable subfamily {J7a„ : G N} such that S C j- 



d([jUa\ 

VneN / 



This completes the proof. □ 



Corollary 11. Let X be a bitopological space and S C X. For the following 

conditions 

(i) S is pairwise weaklyLindeldf relative to X; 
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(ii) every family by pairwise regular open subsets {Ua ■ ol G A} of X that cover 
S admits a countable subfamily {Ua„ : n G N} with dense union in S; 

(Hi) every family {Ca ■ ct £ A} of pairwise regular closed subsets of X such 

that I Cq ] n 5 = admits a countable subfamily {Ca„ : n e N} such that 

int j Pi Coi^ ] n 5 = 0; we have that (i) {ii) {Hi) and if X is pairwise 
semiregular, then {ii) => {i). 

Proposition 12. Let X be a bitopological space and A be any subset of X . If A is 
ij-weakly Lindelof then it is ij-weakly Lindelof relative to X. 

Proof. Let {Ua ■ ct € A} he a family of i-open subsets of X that cover A. Then for 
each a, we can find an i-open set Va of A with UaH A = Va. Thus {¥„ ■ a E A} 
be a cover of A by i-open subsets of A. Since A is ij-weakly Lindelof, then there 

exists a countable subset {a„ : n € N} of A such that A = J-cIa I [J Va^ ] C j- 

VneN / 

clx U • Therefore A is ij-weakly Lindelof relative to X. □ 

VneN / 

Corollary 12. Let X be a bitopological space and A be any subset of X. If A is 
pairwise weakly Lindelof then it is pairwise weakly Lindelof relative to X . 

Question 2. Is the converse of Proposition 12 above true? 
The authors expected that the answer is false. 

The converse of Proposition 12 hold if A C X is i-open. We prove that in the 
following proposition. 

Proposition 13. Let X be a bitopological space and A an i-open subset of X . Then 
A is ij-weakly Lindelof if and only if it is ij-weakly Lindelof relaMve to X . 

Proof. The proof of necessity can be obtained from Proposition 12. For the suf- 
ficiency, let {Ua ■ a e A} be an i-open cover of A. Since i-open subsets of an 
i-open subspace of X is i-open in X, then {Ua '■ ct G A} is a cover of A by i- 
open subsets of X. Since A is ij-weakly Lindelof relative to X, there exists a 

countable subset {a„ : n G N} of A such that A C j-cljf ( ) • Then A = j- 

nA = j-dx ( ( U ) ^ ^ ) = -^-^^^ ( U n A) J = j- 
. Therefore A is ij-weakly Lindelof. □ 

Corollary 13. Let X be a bitopological space and A an open subset of X. Then A 
is pairwise weakly Lindelof if and only if it is pairwise weakly Lindelof relative to 
X. 

Remark 1. The above result shows that in an i-open subset of a bitopological space 
X, ij-weakly Lindelof property and ij-weakly Lindelof relative to X property are 
equivalent. 
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Remark 2. The space X in Proposition 12, Proposition 13, Corollary 12 and 
Corollary 13 is any bitopological space. 

If we consider X itself is an ij-weakly Lindelof space, we have the following results. 

Proposition 14. Every ij -regular closed and j-open subset of an ij -weakly Lindelof 
and ij -semiregular space X is ij -weakly Lindelof relative to X. 

Proof. Let A be an ij-rcgular closed and j-opcn subset of X. If {Ua ■ a € A} is a 



cover of A by ij-rcgular open subsets of X, then -'^^ = U ) \ H<3nce 

the family {Uc, ■ a G A} U {X \ A) forms an ij-regular open cover oi X. Since X is 
ij-weakly Lindelof, there will be a countable subfamily, {X\A, Uai,Ua^, . . .} such 
that 

X = J-cl( U (t/„„UX\^)J 

VneN / 

= i-ci( y ui-ci(x\A) 

= j-cl([juAu{X\A) 
by Proposition 3. But A and X \A are disjoint; hence A C j-cl [ [J Ua„ J . This 

VneN / 

shows that A is ij-weakly Lindelof relative to X and completes the proof. □ 



Corollary 14. Every pairwise regular closed and open subset of a pairwise weakly 
Lindelof and pairwise semiregular space X is pairwise weakly Lindelof relative to 
X. 



Proposition 15. An i-clopen and j-open subset of an ij-weakly Lindelof space X 
is ij-weakly Lindelof. 

Proof. Let F be an i-clopen and j-open subset of X. By Proposition 13 above, it 

is sufficient to prove that F is ij-almost Lindelof relative to X. Let {Ua a G A} 
be a family of i-open subsets of X that cover F. Then {Ua : a G A} U {X \ F} 
forms an i-open cover of X. Since X is zj- weakly Lindelof, there exists a countable 
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subset {an : n G N} of A such that 



X = j- 



cl 



VnGN 




UX\F) 



) 



= ] 



= J 



= J 



cl 



cl 



cl 




) 



Uj-c\{X\F) 



U{X\F). 



UiX\F) 



) 



But F and X \ F are disjoint; hence F C j-cl Ua„ 1 • This shows that F is 

VriGN / 

ij-weakly Lindelof relative to X and completes the proof. □ 



Corollary 15. A clopen subset of a pairwise weakly Lindelof space X is pairwise 
weakly Lindelof. 

Question 3. Is «-closed subset of an zj-weakly Lindelof space X is ij-weakly 
Lindelof? 

Question 4. Is zj-regular open subset of an ij-weakly Lindelof space X is ij- 
weakly Lindelof? 

The authors expected that the answer of both questions are false. 

Observe that, the condition in Proposition 14 that a subset should be zj-regular 
closed and j-open and in Proposition 15 that a subset should be i-clopen and j-open 
are necessary and it is not sufficient to be only i-open by example below show. In 
general, arbitrary subsets of ij-wekly Lindelof spaces need not be ?j-weakly Lindelof 
relative to the spaces and so not ij-weakly Lindelof by Proposition 12. 

Example 1. Let denotes the set of ordinals which are less than or equal to the 
first uncountable ordinal cui . This is an uncountable well-ordered set with a largest 
element uji, having the property that if a € f2 with a < uji, then {/? S : /? < a} 
is countable. Since is a totally ordered space, it can be provided with its order 
topology. Let us denote this order topology by ti . Let B be a collection of all sets in 
O of the form (a, 6) — {/? S : a < /? < 6} , (ao, uji] = {13 G fl : oq < f3 < tui} and 
[l,bo) = {(3 G fl : 1 < 13 < bo}. Then the collection B is a base for the order topology 
Ti for il. Choose discrete topology as another topology for Q denoted by T2. So 
{fl,Ti,T2) form a bitopological space. Nowfl is a 1- Lindelof space (see [11]). so it is 
12-weakly Lindelof. The subset ^Iq = fl\{uji}, however is not I -Lindelof {see [llj). 
We notice that ^Iq is l-open subset of since fio — [l,^;!) — {(3 G : 1 < (3 < uji\. 
So r^o is not 12-wekly Lindelof by Proposition 7 since it is \2-regular and \2-weak 
P-space. Moreover ilo is not 12-weakly Lindelof relative to Q by Proposition 13. 

So we can say that in general, an ij-weakly Lindelof property is not hereditary 
property and therefore pairwise weakly Lindelof property is not so. 

Definition 16. A bitopological space X is said to be hereditary ij-weakly Lindelof 
if every subspace of X is ij-weakly Lindelof. X is said hereditary pairwise weakly 
Lindelof if it is both hereditary ij-weakly Lindelof and hereditary ji-weakly Lindelof. 
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Proposition 16. Let X be an ij-semiregular bitopological space. Then X is i-open 
hereditary ij -weakly Lindeldf if and only if any A e rfj is ij -weakly Lindeldf. 

Proof. Let X be an ij-semiregular and i-open hereditary ij-weakly Lindelof space. 
Since rfj C n, it is obvious that any A £ rfj implies A £ Ti and hence A is ij- 
weakly Lindelof. Conversely, let B C X be an i-open subset of ij-weakly Lindelof 
space X. By Proposition 13, it is sufficient to prove that B is ij-weakly Lindelof 
relative to X. Let U = {Ua : a. G A} be a family by ij-rcgular open subsets of 
X such that B C [J J7q.. The set ^ = [J G rfj, so by hypothesis A is ij- 

weakly Lindelof. Hence there exists a countable subfamily {Ua„ : n G N} of W such 

that A = j-c[ j Ua„ ] and therefore B C j-cl I Ua„ ] . This completes the 

\neN J VneN / 

proof. □ 

Corollary 16. A bitopological space X is open hereditary pairwise weakly Lindeldf 
if and only if any A is pairwise weakly Lindeldf. 
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